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Abstract
Transport equation of the dissipation rate of turbulent helicity is derived with the aid of a
statistical analytical closure theory of inhomogeneous turbulence. It is shown that an assumption
on the helicity scaling with an algebraic relationship between the helicity and its dissipation rate
leads to the transport equation of the turbulent helicity dissipation rate without resorting to a
heuristic modeling.
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I. INTRODUCTION
The helicity defined by
∫
V
u·ω dV , as well as the kinetic energy, is an inviscid invariant of
the Navier–Stokes equation [V : fluid volume, u: velocity, ω(= ∇×u): vorticity]. Unlike the
local turbulent energy density 〈u′2〉/2, the local turbulent helicity density 〈u′ · ω′〉 is non-
positive-definite and a pseudoscalar that changes its sign under the inversion or reflection
(u′: velocity fluctuation, ω′: vorticity fluctuation). Since any pseudoscalar should vanish in
a mirror symmetric system, a non-zero pseudoscalar represents the breakage of mirror sym-
metry. In non-mirror symmetric turbulence, a finite helicity density is spatially distributed
to affect the local transport. The dynamic evolution of turbulent helicity is subject to the
balance among the helicity production (from the large-scale inhomogeneities), its dissipation
and transport rates.
Effects of helicity (hereafter we drop “density”) have been examined in the context of
turbulent transports. In the dynamos, the turbulent helicity is directly connected to the
so-called α effect, and plays an important role in magnetic field generation [3, 5]. Also in
the non-mirrosymmetric hydrodynamic turbulence such as a turbulent swirling flow, the
turbulent helicity is expected to counterbalance the eddy viscosity [6]. The evaluation of the
helicity dissipation rate is of crucial importance in determining the magnitude of effective
transport.
II. HELICITY IN INHOMOGENEOUS TURBULENCE
The turbulent helicity H ≡ 〈u′ · ω′〉 obeys an exact transport equation:
DH/Dt ≡ (∂/∂t +U · ∇)H = PH − ǫH +∇ · TH (1)
(U: mean velocity). Here, PH and TH are the production and transport rates of H , whose
expressions are suppressed. The helicity dissipation rate ǫH is defined by
ǫH ≡ 2ν
〈
∂u′b
∂xa
∂ω′b
∂xa
〉
. (2)
Evaluation of ǫH is of crucial importance to estimate the turbulent helicity evolution.
In order to derive the dynamic equation of ǫH , we have to express H in inhomogeneous
turbulence. We follow the formal procedure of the two-scale direct-interaction approximation
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(TSDIA) [5–7], a combination of the multiple-scale analysis with a propagator renormaliza-
tion closure theory of turbulence. In the TSDIA framework, the lowest-order velocity field
is equivalent to the homogeneous isotropic turbulence, and the effects of the mean-field in-
homogeneities, rotation, etc. are taken into account in a perturbation manner in the first-
and higher-order velocity fields. If we introduce the Green’s function of the lowest-order
velocity field, G′
Bαβ(k; τ, τ
′), the first-order velocity field u′1 can be expressed in terms of this
Green’s function. For the lowest order velocity field u′
0
and the Green’s function, we assume
the generic form for the homogeneous isotropic turbulence as
〈u′0α (k;τ )u
′
0β (k
′;τ ′)〉
δ (k+ k′)
= Dαβ (k)QB (k;τ, τ
′) +
i
2
ka
k2
ǫαβaHB (k;τ, τ
′) , (3)
〈G′
Bαβ (k; τ, τ
′)〉 = Dαβ (k)GB (k; τ, τ
′) , (4)
where Dαβ(k) = δαβ−kαkβ/k
2 is the projection operator. Here, QB and HB are the spectral
functions of the kinetic energy and helicity of the lowest-order fields, respectively. The
second term in Eq. (3) represents the non-mirror symmetry of turbulence with H being a
pseudoscalar.
The turbulent helicity is expanded as
H(x; t) = 〈u′ · ω′〉 = 〈u′
0
· ω′
0
〉+ 〈u′
0
· ω′
1
〉+ 〈u′
1
· ω′
0
〉+ · · · . (5)
Substituting u′
0
and u′
1
(ω′n = ∇ × u
′
n with n = 0, 1) into Eq. (5), with a renormalization
procedure (QB → Q, HB → H , GB → G), we obtain
H(x; t) = I0{H} −
1
3
I0
{
G,
DH
Dt
}
+
8
27
(Ω+ 2ωF) · I0 {G,∇Q} , (6)
where Ω(= ∇×U) is the mean vorticity, ωF the angular velocity, and the abbreviated forms
of integral are defined by
In {A} =
∫
k2nA(k,x; τ, τ, t)dk
and
In {A,B} =
∫
k2ndk
∫ τ
−∞
dτ1A(k,x; τ, τ1, t)B(k,x; τ, τ1, t).
In order to evaluate integrals in Eq. (6), we assume the propagators (correlation and
response functions) in the inertial range such as
Q(k,x; τ, τ ′, t) = σK(k,x; t)× exp [−ωK(k,x; t)|τ − τ
′|] ,
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H(k,x; τ, τ ′, t) = σH(k,x; t) exp [−ωH(k,x; t)|τ − τ
′|] ,
G(k,x; τ, τ ′, t) = θ(τ − τ ′) exp [−ω(k,x; t)(τ − τ ′)] ,
where the spectra in the inertial range are assumed as
σK(k,x; t) = σK0ǫ
2/3k−11/3, σH(k,x; t) = σH0ǫ
−1/3ǫH(x; t)k
−11/3, (7)
with the time scales
ωK(k,x; t) = ωK0ε
1/3k2/3 = τ−1K ,
ωH(k,x; t) = ωH0ε
1/3
H k
2/3 = τ−1H ,
ω(k,x; t) = ω0ε
1/3k2/3 = τ−1.
The helicity spectrum σH in Eq. (7) arises from the assumption that the spectrum of the
helicity is determined by the scale (k), energy and helicity transfer rates (ǫ and ǫH). This
has been confirmed by DNSs [1, 2].
Using Eq. (7), H [Eq. (6)] can be estimated up to the first-order as
H(x; t) = 3 · (2π)1/3σH0ǫ
−1/3ǫHℓ
2/3
C
+
1
6 · (2π)1/3
σH0
ω0 + ωH0
(
ℓCǫ
−1/3
)2
ǫH
×
[(
1 +
ωH0
ω0 + ωH0
)
1
ǫ
Dǫ
Dt
−
1
ǫH
DǫH
Dt
−
(
11 + 2
ωH0
ω0 + ωH0
)
1
ℓC
DℓC
Dt
]
, (8)
where ℓC is the size of the largest energy-containing eddies.
III. MODELING THE HELICITY DISSIPATION-RATE EQUATION
In constructing a system of model equations, we can choose any three of four turbulence
statistical quantities (H, ǫ, ǫH , ℓC). In order that any choice among the four quantities should
be equivalent (model transferability), some algebraic relation should be held among them
[4, 8].
We solve Eq. (8) concerning ℓC in a perturbation manner. Up to the lowest-order analysis,
we have
ℓC = 3
−3/2(2π)−1/2σ
−3/2
H0 ǫ
1/2ǫ
−3/2
H H
3/2, (9)
or equivalently,
ǫH = CHH/τ, τ = ℓ
2/3
C
ǫ−1/3, CH = 1/[3(2π)
1/3σH0]. (10)
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As the lowest-order analysis of the turbulent helicity expression, we obtained an algebraic
model for the turbulent dissipation rate as the first of Eq. (10) with the usual eddy turn-over
time scale [the second of Eq. (10)]. This corresponds to the estimate of the turbulent helicity
dissipation rate in homogeneous isotropic turbulence.
If we proceed to the first-order analysis, under the requirement of model transferability,
the second term of Eq. (8) should be balanced in itself. Using Eq. (9), we change expression
given in Eq. (8) based on ε, εH , and ℓC into the one based on ε, εH, and H . As this result,
we have
DεH
Dt
= CH1(ω0, ωH0)
εH
ε
Dε
Dt
+ CH2(ω0, ωH0)
εH
H
DH
Dt
, (11)
where CH1(ω0, ωH0) and CH2(ω0, ωH0) are coefficients determined by the time scales of tur-
bulence. If we assume τ ≃ τK ≃ τH (ω0 ≃ ωK0 ≃ ωH0), we have CH1(ω0, ωH0) ≃ 0.26 and
CH2(ω0, ωH0) ≃ 1.1. Finally, we obtain
DεH
Dt
= CεH1
εH
K
PK − CεH2
εH
K
ε+ CεH3
εH
H
PH − CεH4
εH
H
εH, (12)
where the model constants are theoretically estimated as
CεH1 = 0.36, CεH2 = 0.49, CεH3 = CεH4 = 1.1. (13)
IV. CONCLUSION
From the lowest-order analysis, the helicity dissipation rate is estimated by an algebraic
form [Eq. (10)]. Up to the first-order analysis, the ǫH equation is derived as Eq. (12) with the
theoretically-determined model constants. Reflecting the spectral form [Eq.(7)], it depends
on both the energy and helicity equations.
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